Device-to-device (D2D) communication enables the user equipments (UEs) located in close proximity to bypass the cellular base stations (BSs) and directly connect to each other, and thereby, offload traffic from the cellular infrastructure. D2D communication can improve spatial frequency reuse and energy efficiency in cellular networks. This paper presents a comprehensive and tractable analytical framework for D2D-enabled uplink cellular networks with a flexible mode selection scheme along with truncated channel inversion power control. The developed framework is used to analyze and understand how the underlaying D2D communication affects the cellular network performance. Through comprehensive numerical analysis, we investigate the expected performance gains and provide guidelines for selecting the network parameters.
I. INTRODUCTION
M AXIMIZING spectrum utilization via spatial frequency reuse has always been a major technical challenge for cellular network designers. The challenge has become more acute with the increased population of cellular users and their traffic requirements. Enabling device-to-device (D2D) communication in cellular networks has recently been proposed as a promising solution to improve the spatial frequency reuse and boost up the throughput of cellular networks [1] - [4] . The main idea in D2D-enabled cellular networks is to permit transmitterreceiver pairs coexisting in close proximity to establish direct peer-to-peer connections between each other. As shown in Fig. 1 , if a transmitter has its designated receiver within its transmission range (also called proximity detection region), the transmitter is allowed to bypass the base station (BS) and communicate in the D2D mode (i.e., directly establish a peerto-peer link with the receiver). D2D communication enables Manuscript short-range, low-power links to coexist with the cellular links and thereby improve the spatial reuse of the available spectrum, decrease the power consumption in the user equipments (UEs) via decreasing the required transmit power, and improve the total network throughput [3] - [18] . However, D2D communication poses a set of new technical challenges which include interference management in the network, resource allocation for D2D and cellular links, and adaptive mode selection and power control for the UEs. There are two main approaches for spectrum assignment between D2D links and cellular links, namely, the disjoint and shared spectrum assignments. It is well-known that rigid and exclusive spectrum assignment results in spectrum underutilization due to the high variability in user population and their activity patterns across the spatial and time domains [19] . The shared spectrum assignment enables a better utilization of the available spectrum [3] . The shared spectrum assignment can be further divided into two main techniques, the overlay and the underlay spectrum access. In the overlay spectrum access, D2D transmitters can only access the channels which are not used by nearby cellular users. On the other hand, D2D transmitters in underlay spectrum access can continuously transmit on all channels subject to tolerable interference to the cellular users. Cross-mode 1 interference due to underlay spectrum may degrade the signal-to-interference-plus-noiseratio (SINR) for the ongoing cellular transmissions and thus limit the network performance. This paper focuses on the underlay spectrum access, while the overlay spectrum access analysis is postponed to future work. More particularly, we consider the underlay spectrum sharing approach and develop a tractable modeling paradigm to quantify the performance gain for uplink communication in D2D-enabled cellular networks. The analytical framework developed in this paper uses tools from stochastic geometry [20] and accounts for power control, maximum transmit power of the UEs, and mode selection of UEs in an uplink cellular network.
Stochastic geometry is a powerful tool for modeling large scale wireless networks, in which it provides general yet simple expressions for several important performance metrics [19] . Stochastic geometry has been used to model, analyze, and design ad-hoc networks, multi-tier cellular networks, as well as hybrid networks [19] , [20] . For the sake of analytical tractability, we use the Poisson point process (PPP) to model the cellular network topology as well as the spatial distribution of UEs. It has been shown in [19] , [21] - [24] that the PPP leads to tight bound for the cellular network performance which is as accurate as the bound obtained via the idealistic grid based model. It is worth mentioning that our objective is not to develop sophisticated interference mitigation and cancellation techniques for D2D-enabled cellular networks. Instead, our main objective is to develop a tractable analytical framework to quantify the uplink transmission performance of underlay D2D-enabled cellular networks. This framework considers a biasing-based mode selection scheme along with channel inversion-based power control. Our objective is to analyze and optimize uplink cellular network performance in presence of underlaying D2D communication.
The major contributions of the paper can be summarized as follows:
• It proposes a tractable analytical approach to model the effect of flexible mode selection scheme for UEs in a large scale network setup. The modeled mode selection scheme is based on a biasing factor T d that accounts for both the D2D link quality and the cellular link quality and controls the extent to which the D2D communication is enabled in the network. For instance, the mode selection scheme captures the disabled D2D mode of communication (i.e., when T d = 0), the enforced D2D communication (i.e., when T d = ∞), and the distance-based mode selection as special cases. • For the aforementioned mode selection scheme along with a truncated channel inversion-based power control for UEs, we obtain approximate yet accurate expressions for the network performance in terms of SINR outage probabilities for both cellular and D2D UEs, average transmit power, average spectrum efficiency, and average spatial spectrum effeciencty. • Through extensive numerical analysis, we show that there exists an optimal biasing factor that maximizes the spatial spectrum efficiency. Also, the results reveal interesting tradeoff in the network performance in terms of average transmit power and SINR outage probability (and hence spectrum efficiency) when the network parameters such as the power control cutoff threshold and bias factor for mode selection T d are varied.
The rest of the paper is organized as follows. The related literature is reviewed in Section II. The system model, as -TABLE I  LIST OF KEY NOTATIONS sumptions, and the mode selection scheme are described in Section III. Also, the methodology of analysis is outlined in this section. Section IV presents the analysis of transmit power for cellular and D2D UEs for channel inversion-based power control. The SINR performance is analyzed in Section V. Section VI presents and discusses the numerical and simulation results. The paper is concluded in Section VII. A list of the key mathematical notations used in this paper is given in Table I .
II. RELATED WORK
Motivated by the expected gains offered by the underlay D2D communication, research efforts have been invested to analyze and optimize its operation. We can broadly classify the related approaches in the literature into two main categories: instantaneous analysis approach and statistical analysis approach. In the former approach, a system objective function is formulated based on instantaneous system information (e.g., channel gains and link distances), which is assumed to be available. Then, the model is used to derive instantaneous optimal decisions (e.g., power allocation, channel allocation, and mode selection criterion) [4] - [13] . Note that, the instantaneous optimal decisions should vary with the rapidly varying system parameters. On the other hand, the statistical approach exploits the system's statistical information (e.g., the distributions of the UEs' locations and channel gains), which are stable over a longer period of time (i.e., w.r.t. the instantaneous approach), to model the system and derive the statistically optimal decisions [15] - [18] . Since finding the instantaneous optimal decisions may involve high signaling overhead to exchange the network information as well as high computational complexity, often suboptimal or heuristic-based solutions [9] - [13] are sought. In contrast to the instantaneous approach, a decision based on the statistical approach (for example, based on stochastic geometry analysis) may not be the best solution in a particular point of time, however, it could be optimal over a longer time horizon.
The authors in [15] exploit the statistical approach to propose a simple power control mechanism for a D2D transmitter to ensure that the SINR violation probability for the cellular users due to cross-mode interference is maintained below a certain threshold. However, the analysis in [15] is limited to a single cell, a single cellular user, and a single D2D link. In [16] , the authors use a statistical approach to find the maximum intensity of D2D devices that can be accommodated by the uplink cellular network subject to an interference threshold. The authors in [17] also use a statistical approach to find the optimal intensity and transmit power that maximize the achievable transmission capacity for a D2D-enabled uplink two-tier wireless network under outage probability constraints. In [17] , it is assumed that the two cellular tiers operate in disjoint bands and that the D2D links utilize both of the bands. Then, the authors derive the optimal D2D link density and the fixed transmit power that they can use on each band. In both [16] and [17] , power control and mode selection are ignored and it is assumed that the D2D link distances are fixed. {The mode selection and power control problems for D2D-enabled uplink cellular networks are considered in [18] . However, the mode selection decision is based only on the D2D link distance (i.e., it does not consider the distance between the D2D transmitter and the cellular BS).
Different from the existing D2D communication models in the literature, our proposed model statistically characterizes D2D-enabled cellular networks under flexible mode selection scheme which accounts for D2D link quality as well as the cellular link quality. Note that, the traditional D2D link distancebased mode selection criterion is a special case of the presented mode selection criterion. It is worth mentioning that the used mode selection scheme is similar to the one proposed in [7] , however, the model in [7] considered a single D2D, single cellular user, and a single BS.
III. SYSTEM MODEL, ASSUMPTIONS, AND METHODOLOGY OF ANALYSIS

A. Network Model
We consider a D2D-enabled single-tier (i.e., macro-tier only) uplink cellular network in which a UE can bypass the BS and communicate with its intended receiver if the receiver is located within the D2D proximity R max . The D2D proximity R max is determined by the maximum transmit power P u of a UE and receiver sensitivity ρ min . That is,
η d is the path-loss exponent for the D2D links. 2 Following the notation in [18] , a UE which has its intended receiver located within its D2D proximity is referred to as a potential D2D transmitter (or equivalently a potential D2D UE). Note that a potential D2D transmitter does not necessarily select the D2D mode of communication. The communication mode is selected based on the mode selection scheme to be presented later in this paper.
It is assumed that the BSs are spatially distributed in R 2 according to the PPP Ψ = {m i ; i = 1, 2, 3, . . .} 3 with intensity λ, where m i ∈ R 2 is the location of the ith BS. There are three types of UEs in the cellular network, namely, the cellular UEs, the potential D2D UEs, and the receiving UEs. It is assumed that the cellular UEs and the potential D2D UEs constitute independent PPPs with intensities U and D, respectively. For simplicity, we assume that each potential D2D UE has its unique receiving UE uniformly distributed within the D2D proximity R max . That is, the probability density function (pdf) of the D2D link distance is given by:
It is worth mentioning that the methodology of analysis to be presented later in this paper can be applied to different distributions of the D2D link distance. We consider a congested network scenario in which the intensity of the cellular UEs is high enough such that each BS will always have at least one UE to serve in the uplink (i.e., saturation conditions are assumed where U λ). Due to the maximum transmit power (P u ) constraint, the UEs use a truncated channel inversion power control in which the transmit power compensates the path-loss to keep the average signal power received at the intended receiver (i.e., BS or D2D receiver for cellular and D2D mode of communication, respectively) equal to certain threshold ρ o ≥ ρ min [25, chapter 4] . 4 Therefore, a connection (i.e., cellular uplink or D2D link) is established if and only if the transmit power required for the path-loss inversion is less than or equal to P u . Otherwise, the UE does not transmit and goes into an outage (hereafter denoted by truncation outage) due to the insufficient transmit power. For the D2D UEs, the truncated channel inversion power control reduces the D2D proximity to
and hence, the intensity of the potential D2D
UEs reduces to pD, where p =
Universal frequency reuse is used across the cellular network. However, there is no intra-cell interference between cellular UEs. That is, each BS assigns a unique channel to each of its associated UEs. Since all channels have similar interference statistics, we restrict our analysis to a one uplink channel which is shared by the D2D UEs in an underlay spectrum sharing fashion.
B. Radio Channel Model
A general power-law path-loss model is considered in which the signal power decays at the rate r −η with the propagation distance r, where η > 2 is the path-loss exponent. Due to the different propagation environments experienced by the cellular links and the D2D links, each type of link has its own path-loss exponent, namely, η c and η d , respectively, for the cellular links and D2D links. The channel (power) gain between two typical locations x, y ∈ R 2 is denoted by h(x, y). All the channel gains are assumed to be independent of each other, independent of the spatial locations, symmetric, and are identically distributed (i.i.d.). Therefore, for the brevity of exposition, hereafter, the spatial indices x, y are dropped. For analysis, only Rayleigh fading environment is assumed 5 , hence, the channel gain h is assumed to be exponentially distributed with unit mean. An SINR capture model is considered where a message can be successfully decoded at the receiver if and only if the SINR at the receiver is greater than a certain threshold θ. If the SINR at the receiver does not exceed the threshold θ, the link experiences an outage (hereafter denoted by SINR outage).
C. User Association, Mode Selection, and UE Classification
To ensure reliable uplink association and avoid the pingpong effects due to handovers, UEs associate to the BSs based on their long-term average link quality (and hence distance). That is, the UEs (i.e., potential transmitters) associate with their nearest BSs. Note that, in the D2D mode, for a transmitter UE, the receiver UE does not need to be in the same cell. A flexible mode selection scheme based on the biased link quality is applied to tune the tradeoff between power consumption, interference, spatial frequency reuse, and data offloading. A potential D2D transmitter chooses the D2D mode if the biased D2D link quality is at least as good as the cellular uplink quality. That is, a potential D2D transmitter chooses the D2D
where r d is the D2D link distance, r c is the distance between the UE and its closest BS (i.e., the cellular uplink distance), and T d is a bias factor to control traffic offloading from the cellular infrastructure to the D2D mode of communication. On one extreme, setting T d = 0 disables the D2D communication. On the other extreme, setting T d = ∞ forces each potential D2D UE to communicate via D2D mode.
The network model with the aforementioned mode selection criterion is illustrated in Fig. 2 for different values of the bias factor T d . It is worth mentioning that one main advantage of the aforementioned mode selection criterion is that it correlates the locations of D2D transmitters and the D2D link distances to the locations of the BSs which introduces an inherent interference protection to the cellular uplink. That is, the aferomen- tioned mode selection criterion along with truncated channel inversion power control ensures that the interference from a typical D2D transmitter received at a typical BS is upper bounded by T d ρ o , where the bias factor T d can be used to control the interference temperature at the BSs. Following the mode selection scheme, the probability that a typical potential D2D UE selects the D2D mode and the intensity of D2D links are given via the following lemma.
Lemma 1: For a cellular network with BS intensity λ, D2D
η d , and D2D link biasing T d , the probability that a typical potential D2D UE selects the D2D mode is
is the lower incomplete gamma function. For equal path-loss exponents, the expression for the D2D mode selection probability reduces to P d = 1 πλ
Proof: See Appendix A. Due to truncated channel inversion power control, not all of the UEs can communicate in the uplink. That is, UEs located at a distance greater than P u ρ o 1 ηc from their nearest BS are not able to communicate in the cellular mode due to the limited transmit power. Therefore, the UEs are divided into two subsets, namely, the covered 6 UEs and the uncovered UEs. Furthermore, D2D communication divides the set of UEs into two other independent subsets, namely, the subset of potential D2D UEs and the set of non-potential D2D UEs. Therefore, the complete set of UEs Φ is divided into four non-overlapping subsets discribed in the following cases (case#1, case#2, case#3, and case#4).
In case#1, the UEs are neither covered by the BSs nor are potential D2D UEs. Hence, the UEs in case#1 will experience truncation outage due to insufficient transmit power and not transmit. UEs in case#2 are covered by the BSs but are not potential D2D UEs. On the contrary, UEs in case#3 are uncovered by the BSs but are potential D2D UEs. Therefore, the UEs in case#2 and case#3 are forced to communicate via cellular mode and D2D mode, respectively. Only the UEs in case#4 are covered by the BSs and are potential D2D transmitters, and hence, only the UEs in case#4 have the opportunity to apply the aforementioned selection criterion to select their operation mode (i.e., cellular mode or D2D mode). Note that potential D2D UEs in case# 3, for whom the condition
is not satisfied, are not allowed to communicate in the D2D mode. This is to maintain the interference protection for the cellular mode which enforces an interference less than T d ρ o at a typical BS from any individual interfering transmitter D2D UE. It is worth mentioning that none of the aforementioned users' subsets constitutes a PPP due to the interaction between the BSs' point process, the UEs' point process, and the mode selection criterion. In particular, the covered UEs tend to form clusters around the BSs due to the truncation outage while the D2D transmitters tend to leave holes around the BSs due to the mode selection criterion.
D. Methodology of Analysis and Performance Metrics
Due to the assumed power control along with the random locations of the BSs and UEs, the transmit powers of the UEs and the SINRs experienced by the receivers are random. First, we characterize the transmit powers of the users in each of the aforementioned cases. We characterize the transmit power via its probability density function (pdf) and its αth moment (for α > 0). Then, we characterize the SINR by deriving its cumulative distribution function (cdf). Having the transmit powers and the SINRs characterized, several insights into the network performance can be obtained. In this paper, the main performance metrics are the SINR outage probability, the link spectrum efficiency, and the spatial spectrum efficiency. The link spectrum efficiency is obtained by using Shannon's formula. The spatial spectrum efficiency is the sum of the spectrum efficiencies of all operating links normalized per unit area.
IV. ANALYSIS OF TRANSMIT POWER OF UES
Due to the random network topology along with the truncated channel inversion power control used by the UEs, each UE will have different transmit power which depends on the operation mode (i.e., cellular or D2D) as well as the link distance. In this section, we derive the pdf as well as the moments of the transmit powers of the UEs for each of the aferomentioned cases. Note that UEs in case #1 are not transmitting. Hence, the transmit power of a typical user in case #1 is P 1 = 0.
A. D2D Mode
Note that only UEs in case #3 and case #4 can communicate in the D2D mode.
} denote the conditional D2D link distance of a UE operating in the D2D mode (i.e., conditioning on the mode selection). Then, due to the applied selection criterion, we haver η d d ≤ T d r η c c . Using this fact, the transmit power of a typical UE operating in the D2D mode can be written as P d = ρ or
and can be characterized via the following lemma.
Lemma 2: In a single-tier Poisson D2D-enabled cellular network with truncated channel inversion power control with cutoff threshold ρ o and bias factor T d , the pdf of the transmit power of a typical UE operating in the D2D mode is given by
The moments of the transmit power can be obtained as
Proof: See Appendix B.
B. Cellular Mode
There are two cases where a UE operates in the cellular mode. The first case is that the UE is not a potential D2D and P u is sufficient to invert the path-loss towards the nearest BS such that the received power at the BS is equal to ρ o (i.e., UEs in case #2). The second case is that the UE is a potential D2D UE and its uplink quality towards the serving BS is better than the biased link quality towards the D2D receiver (i.e., case #4 when
. Note that the UEs in case #2 have no option except to communicate in the cellular mode.
denote the conditional cellular distance of a UE in case #2 (i.e., conditioning on that the UE is not in truncation outage). Then, the transmit power of a typical UE in case #2,
can be characterized via the following lemma.
Lemma 3: In a single-tier Poisson D2D-enabled cellular network with truncated channel inversion power control with cutoff threshold ρ o , the pdf of the uplink transmit power of a typical covered non-potential D2D UE (i.e., in case #2) is given by
Proof: According to the PPP assumption of the locations of the BSs, the cellular link distance r c is Rayleigh distributed with the pdf f r c (r) = 2πλre −λπr 2 0 ≤ r [23] . Due to the truncated channel inversion power control, the transmit power of the cellular UE should be P 2 = ρ o r η c c and P 2 ≤ P u . Hence, the pdf of the transmit power can be obtained as f P 2 (x) = 
Lemma 4: In a single-tier Poisson D2D-enabled cellular network with truncated channel inversion power control with cutoff threshold ρ o and bias factor T d , the pdf of the transmit 7 The notationrc is selected to reflect the two conditions for the considered cellular link distance, namely, conditioning on being in case #4 and conditioning on the cellular mode operation. power of a typical potential D2D UE (i.e., in case #4), which is operating in the cellular mode, is given by
where
The moments of the transmit powerP 4 can be obtained as
Proof: See Appendix C. We end this section with the following corollary, which gives the moments of the transmit power of a typical UE operating in the cellular mode.
Corollary 1: The moments of the transmit power of a typical user operating in the cellular mode is given by
where E[P α 2 ] and E[P α 4 ] are given in Lemma 3 and Lemma 4, respectively.
Proof: Since the two events (i.e., being a non-potential cellular UE [i.e., in case #2] and being a potential cellular UE [i.e., in case #4]) are mutually exclusive, the transmit power of a typical user in the cellular mode can be expressed as
Hence, 
V. ANALYSIS OF SINR
Consider an arbitrary UE operating in mode χ ∈ {c, d}, where c and d denote the cellular mode and D2D mode, respectively. The SINR experienced at the receiver associated with the test UE, which can be located in an arbitrary location y ∈ R 2 , can be written as
where the intended signal is always equal to ρ o h o due to the employed power control. The random variables I cχ and I dχ denote the aggregate interference caused to the link under investigation (which is in mode χ) from the UEs operating in the cellular mode (which are represented by the PPΦ c ) and the UEs operating in the D2D mode (which are represented by the PPΦ d ), respectively. As discussed earlier, neitherΦ c norΦ d is a PPP. {Furthermore,Φ c andΦ d are dependent as they depend on the same set of BSs. For analytical tractability, we approximate each of the point processes with an equi-dense PPP. The assumptions are formally stated as follows.
Assumption 1: The set of interfering UEs operating in the cellular mode (Φ c ) constitutes a PPP with intensity λ and that the transmit powers of the UEs are independent.
Note that the intensity of the active UEs is set to λ due to the saturation condition (i.e., U λ) along with the no intracell interference condition (i.e., only one user is scheduled per BS per channel). It is worth mentioning that, as discussed in [26] , the dependence between the neighboring Voronoi cells imposes a weak correlation among the cellular link distances, and hence, transmit powers of the UEs are correlated due to the power control policy.
Assumption 2: The set of interfering UEs operating in the D2D mode (Φ d ) constitutes a PPP.
Assumption 3:Φ c andΦ d are independent. Exploiting Assumptions 1-3, simple yet accurate approximations for the distribution of SINR can be obtained. It is worth mentioning that the PPP approximation for different types of point processes is a core assumption to maintain the model tractability. It was shown to be accurate in estimating the aggregate interference and outage, if the density of the PPP and the interference exclusion region around the test receiver are carefully estimated [19] , [21] . The accuracy of Assumptions 1-3 will be validated in Section VI. The SINR outage probability can be calculated as
where the second equality follows from the exponential distribution of h o , L X (.) denotes the Laplace transform 8 (LT) of the pdf of the random variable X, and the last equality follows from Assumption 3.
It is worth mentioning that in our approximation we will ignore the mutual correlations between the positions of the simultaneously active UEs. However, the correlations between the interfering UEs and the test transmitter and receiver are captured by accounting for the interference protection induced by the system model. Exploiting Assumptions 1-3, the outage probability for a typical D2D link is given by the following theorem.
Theorem 1: In a single-tier D2D-enabled cellular network with BS intensity λ, D2D biasing factor T d , and truncated channel inversion power control with cutoff threshold ρ o , the outage probability for a typical D2D UE is given by equation (11) , shown at the bottom of the page.
Proof: See Appendix D. The outage probability for a typical cellular uplink is given by the following theorem.
Theorem 2: In a single-tier D2D-enabled cellular network with BS intensity of λ, D2D biasing factor T d , and truncated channel inversion power control with cutoff threshold ρ o , the outage probability for a typical cellular UE is given by equation (12), shown at the bottom of the page. 8 Hereafter, L X (.) will be denoted as the LT of X.
Proof: See Appendix E. Note that equation (12) can be reduced to a closed-form for integer values of η c . For instance, with η c = 4, equation (12) reduces to equation (13) , shown at the bottom of the page.
The average link spectrum efficiency for a typical UE operating in mode χ ∈ {c, d} can be obtained as follows:
where (i) follows because ln(1 + SINR) is a strictly positive random variable and (ii) follows from Assumption 3. Note that the LTs of the aggregate interference experienced by a typical D2D link and a typical cellular link are derived in Appendix D and Appendix E, respectively.
VI. RESULTS AND DISCUSSIONS
A. System Parameters and Model Validation
We first validate our model by simulations and then present some numerical results for a D2D-enabled cellular network. Unless otherwise stated, we set the BS intensity to λ = 10 BSs/km 2 , the potential D2D UEs intensity to D = 50 UE/km 2 , the maximum transmit power P u = 200 mW, the receiver sensitivity ρ min = −90 dBm, the cutoff threshold ρ o = −80 dBm, the path-loss exponents η c = η d = 4, the D2D bias factor T d = 1, the SINR threshold θ = 1, and σ 2 = −90 dBm.
In the simulation setup, we realize a PPP cellular network with intensity λ in a 400 km 2 area. Then, we realize the UEs in the simulation area. In each simulation scenario, we first schedule the realized UEs according to the following criterion. A non-potential D2D is scheduled for cellular uplink transmission if and only if, (a) it can invert its channel to the serving (i.e., nearest) BS, and (b) there is no other scheduled cellular user in the same Voronoi cell. A potential D2D transmitter that selects the D2D mode of operation is always scheduled for D2D transmission. However, if a potential D2D transmitter selects the cellular mode, it is scheduled for transmission according to the cellular scheduling criterion (i.e., if the aforementioned conditions (a) and (b) are satisfied). Note that the intensity of the cellular UEs U is selected to be high enough such that the saturation condition is always satisfied (i.e., each BS has a scheduled UE for which P u is sufficient to invert its pathloss so that it can communicate in the uplink). All UEs employ the channel inversion power control. The simulation is repeated 10 000 times. Figs. 3 and 4 show the cdf of the SINR for different values of the power control cutoff threshold ρ o and biasing factor T d . Figs. 3 and 4 validate our analysis and show that the derived model accurately captures the SINR outage. These figures manifest that a PPP with the proper intensity and exclusion areas can approximate the interference generated by different PPs with correlations among the transmitters. Fig. 3 shows the effect of power control cutoff threshold ρ o on the SINR outage probability. The SINR outage decreases with increasing ρ o for two reasons. First, the intensity of scheduled D2D UEs decreases with increasing ρ o due to the D2D truncation probability. Hence, the interference coming from the D2D UEs decreases, which decreases the SINR outage for all scheduled UEs (i.e., D2D and cellular UEs). Second, a higher ρ o implies a stronger desired signal power. Note that increasing the cutoff threshold also increases average transmitted power by the UEs due to the channel inversion power control. However, the contribution of increased ρ o towards the useful signal power dominates its contribution towards the aggregate interference power, and therefore, it improves the overall SINR outage probability. Fig. 4 shows the effect of biasing factor T d on the SINR outage probability. Increasing T d biases more potential D2D UEs to select the D2D mode which increases the interference and hence degrades the SINR outage probability. Note that the cellular UEs experience a lower SINR outage probability. This is due to the interference protection around the BSs induced by the mode selection scheme along with the channel inversion power control (see Fact #1 in Appendix E), which is not the case for the D2D receivers.
B. Design Parameters
In the following results, we study the effect of two main design parameters on the performance of underlay D2D-enabled cellular networks, namely, the bias factor T d and the power control cutoff threshold ρ o . T d is a crucial design parameter that controls the extent to which the D2D mode of communication is enabled in the cellular network. As has been mentioned before, T d = 0 completely disables the D2D communication and T d = ∞ enforces all potential D2D UEs to communicate in the D2D mode.
We study the effect of T d in Figs. 5-9 . Fig. 5 clearly shows that increasing T d increases the SINR outage probability. The reasons for the SINR performance degradation can be explained as follow. Increasing T d increases the intensity of UEs selecting the D2D mode, and hence, increases the intensity of the interfering transmitters. Furthermore, for T d > 1, the UEs spend more power to invert the channel toward the D2D receiver when compared to the power required to invert the channel toward the nearest BS in the cellular mode. Hence, T d > 1 enforces a high transmit power for the D2D UEs, which deteriorates the overall SINR performance. Note that the performance degradation with T d is more prominent for the cellular users than the D2D users. This is because increasing T d decreases the interference protection around the cellular BSs in addition to the aforementioned increase in the intensity of interferers and transmit power.
While Fig. 5 shows a negative impact of enabling D2D communication in cellular networks, Figs. 6-9 show the positive impacts. Assuming that the cellular mode UEs communicate to their serving BS in a round-robin manner, we can roughly estimate the average share that each cellular mode UE have as β = is the cellular truncation outage probability). Furthermore, since the end-to-end rate is determined by the bottleneck link rate and that cellular mode requires at least two hops (i.e., considering the uplink from the transmitting UE to BS and the downlink from BS to receiving UE) to deliver the data, we can roughly estimate the rate per cellular mode UE as 0.5βR c . On the other hand, each D2D user exclusively uses the one hop D2D link to transmit data to its destination (i.e., D2D receiver). Hence, the rate per D2D UE is simply R d . We use the above assumptions to estimate the rate per potential UE as well as the spatial spectrum efficiency. Fig. 6 shows that there exists an optimal T d that maximizes the average spectrum efficiency (R) per potential D2D, which is calculated as
At low T d , most of the D2D UEs operate in the cellular mode (i.e., P d is very small) where the channel is shared by β −1 users on average. Increasing T d increases P d and more potential D2D UEs select the D2D mode where each UE exclusively uses the channel in the time domain 9 , and hence, the average spectrum efficiency of a typical potential D2D UE increases. However, increasing T d beyond its optimal value degrades the average spectrum efficiency, despite the fact that each D2D UE exclusively uses the channel in the time domain, due to the high interference from the D2D network which highly deteriorates the SINR performance. Note that for ρ o = −75 dBm the average spectrum efficiency (R) saturates with T d due the high truncation outage probability 1 − p = 0.822 which results in a limited number of potential D2D UEs to bias. Figs. 7 and 8 show another figure of merit for underlay D2D communication in cellular networks. While Fig. 7 shows the spatial spectrum efficiency from the users perspective (T u = P d pDR d + λ0.5βR c ), Fig. 8 shows the spatial spectrum efficiency from the network perspective (T n = P d pDR d + λR c ). That is, T u reflects the spectral efficiency for the D2D mode UEs and cellular mode UEs per km 2 . On the other hand, T n reflects the spectral efficiency for the D2D mode UEs and cellular BSs per km 2 . Both the figures show that with proper adjustment of bias threshold T d , certain design objective can be attained. In particular, D2D communication improves the spatial spectrum reuse efficiency. However, it also deteriorates the SINR performance which decreases the per link spectrum efficiency. It is worth mentioning that, from the BSs' perspective, the per link average spectrum efficiency (which requires a higher SINR) is the prominent factor that affects the spatial spectral efficiency. Hence, a lower T d is required. On the other hand, from the UEs' perspective, the sharing factor β is the prominent factor that affects the spatial spectrum efficiency, and hence a higher T d is required. Fig. 9 shows that enabling D2D communication can also be exploited to decrease the transmit powers of the potential D2D UEs. With T d = 1, a potential D2D UE chooses the mode which costs less transmit power for channel inversion, and hence, T d = 1 is the optimal biasing factor that minimizes the transmit powers of the UEs. Note that the reduction in transmit power is more prominent for higher values of the cutoff threshold ρ o because of the higher transmit power required for channel inversion.
Figs. 3-9 also reveal that the power control cutoff threshold is a very crucial design parameter that affects all of the performance metrics. On one hand, Figs. 3-8 show that increasing ρ o improves the network performance in terms of SINR outage as well as expected link spectrum efficiency. On the other hand, Fig. 9 shows that increasing ρ o increases the transmit power consumption of the UEs by increasing the average transmit power. To see the effect of cutoff threshold more clearly, we plot Fig. 10 .
Both Fig. 10(a) and (b) show that increasing the cutoff threshold decreases the SINR outage probability for both the D2D links and cellular links. However, increasing ρ o requires a higher transmit power to invert the channel between transmitters and receiver pairs which increases the truncation outage. That is, at low values of ρ o , the SINR dominates the outage probability due to the low power of the useful signal. On the other hand, increasing the cutoff threshold ρ o increases the power of the useful signal and decreases the SINR outage probability at the expense of increased truncation outage probability. As has been mentioned earlier, increasing ρ o increases the average transmit power per UE in both cellular and D2D modes (as shown in Fig. 9 ), which increases the aggregate interference. However, the contribution of ρ o to the useful signal power dominates the increased aggregate interference power and results in an improved SINR performance.
It is worth mentioning that the behavior of truncation outage differs in the D2D case from that in the cellular case due to the different distance distributions between the transmitter receiver pairs. In particular, increasing the cutoff threshold significantly limits the D2D communication due to the assumed uniform distribution of the D2D link distance. Note that for D2D applications in the context of social networks, where shorter D2D link distances are more likely to occur [27] (which is different from the assumed distribution for the D2D link distance), the effect of the cutoff threshold on the D2D truncation will be less prominent.
C. Discussions
It is important to emphasize that the developed analytical framework is only valid under the assumption that each BS has at least one user to serve in the uplink. Ensuring that the saturation condition is satisfied, the proposed analytical framework is general and captures the distance-based mode selection scheme as a special case. More specifically, by setting T d = ∞ and manipulating the D2D link distance via the truncation outage (i.e., by varying ρ o ), our model reduces to the distance-based mode selection scheme. The results show that setting a high value of T d may result in a high degradation in SINR performance. This implies that considering the D2D link distance only as the mode selection criterion will not provide an efficient solution to the mode selection problem. On the other hand, the presented mode selection scheme accounts for both the cellular link distance and D2D link distance and introduces a fine-tuned control for mode selection via the bias factor T d . A suitable value of T d can be selected using the presented framework.
Traffic offloading via D2D communication may be crucial for congested network scenarios. Since the resources in each BS is divided among its users, the performance per user highly depends on the load at the BSs. The bias factor T d can be chosen to maximize the spatial spectrum efficiency of the UEs while offloading traffic to the D2D mode as shown in Fig. 7 .
The results show that the power control cutoff threshold ρ o introduces an important tradeoff for the network performance. On one hand, increasing ρ o improves the SINR performance by decreasing the SINR outage probability and increasing the link spectrum efficiency. However, increasing ρ o requires a higher transmit power to satisfy the power control cutoff threshold and increases the truncation outage probability. One solution to this problem is to set ρ o to a relatively low value to ensure an acceptable truncation outage probability while implementing an interference management technique (e.g., cognition) to improve the SINR performance.
The analysis and results shown is this paper present a pessimistic evaluation for the D2D communication. That is, in addition to the PPP assumption for the cellular BSs which gives pessimistic bounds on the performance metrics [21] , [23] , [24] , the one channel assumption along with the aggressive spectrum access for the UEs operating in the D2D mode introduce massive cross-mode and intra-mode interference. Furthermore, assuming that the D2D receiver is uniformly distributed around the D2D transmitter implies that larger D2D link distances are more likely to occur, which increases the transmit power of the D2D devices and the associated interference. Nevertheless, under these pessimistic assumptions, underlay D2D communication has shown performance improvement in terms of spatial frequency reuse, link spectrum efficiency, and spatial spectrum efficiency, for the cellular networks. Furthermore, D2D communication can be exploited to decrease the cellular truncation outage probability which results due to the maximum limited power control. Therefore, we expect significant performance gains for the D2D underlay network with interference coordination (e.g., via cognition) 10 and assuming different distributions for D2D link distances (e.g., in the context of social networking). Note that the analysis in this paper can be extended to capture interference coordination via cognition among the D2D UEs using the same methodology as presented in [29] .
It is worth mentioning that the employed power control along with the biasing factor ensure interference protection for the cellular users. That is, due to the truncated channel inversion power control along with nearest BS association, the intramode interference from an individual UE is strictly less than ρ o . Similarly, due to the truncated channel inversion power control along with presented mode selection criterion, the cross-mode interference from an individual D2D UE is strictly less than T d ρ o . As a result, enforcing all potential D2D UEs to communicate in the D2D mode may result in a significant degradation in network performance. This is because, with T d > 1, the interference signal power received at a BS from an individual D2D transmitter is greater than the intended uplink signal power ρ 0 (i.e., the interference power is T d ρ 0 ). Hence, the performance gain in terms of the spatial frequency reuse efficiency is offset by the performance degradation in terms of the SINR performance, and consequently, the overall network performance deteriorates.
Finally, we emphasize that although the framework is developed for single-tier cellular networks, extension of the framework to multi-tier networks is systematic and straightforward. In fact, as shown in [28] , if all network tiers have the same cutoff threshold and path-loss exponent, the multi-tier network analysis reduces to the single-tier network case and the developed framework captures this special case. The model can be extended to more general cases with different cutoff thresholds and path-loss exponents, for the different network tiers, via the same methodology as in [28] .
VII. CONCLUSION
We have proposed a biasing-based mode selection method for D2D-enabled cellular networks. The extent to which D2D communication is enabled and the amount of traffic offloaded to the D2D communication mode is controlled via the bias value T d . We have developed an analytical paradigm to evaluate outage and spectrum efficiency in the proposed D2Denabled cellular network. The results have shown that underlay D2D communication is capable of improving the system performance in terms of spatial frequency reuse, link spectrum efficiency, and spatial spectrum efficiency. Significant performance gains in the total network performance can be expected from underlay D2D communication with the deployment of interference management methods. The analysis has revealed that enforcing all potential D2D UEs to communicate in the D2D mode results in a degraded network performance when compared to the presented mode selection scheme.
The developed analytical framework has revealed two important design parameters for D2D-enabled cellular networks, namely, the bias factor and the power control cutoff threshold. In particular, the bias factor controls the interference protection for cellular users and the intensity of enabled D2D communication. The results have shown that there exists an optimal D2D bias factor that depends on the network objective. The power control cutoff threshold controls the tradeoff between the SINR outage and truncation outage. An appropriate value of the cutoff threshold that balances between the two outage probabilities can be obtained by using the developed framework. The presented framework can be extended to include interference management techniques to improve the performance of D2D-enabled cellular network.
APPENDIX A PROOF OF LEMMA 1
Since the intended receiver is uniformly distributed in the communication range (proximity) of the potential D2D transmitter, the pdf of the D2D link distance (r d ) is given by
According to the PPP assumption of the locations of the BSs, the cellular link distance r c is Rayleigh distributed with pdf f r c (r) = 2πλre −λπr 2 0 ≤ r [23] . The probability of selecting the D2D mode can be expressed as
where (i) follows from changing variables x = πλ r , 0 ≤ x ≤ ∞, and the pdf of X d can be obtained as f X d (x) = 2x
According to the mode selection scheme we have P d = {X d : X d ≤ T d X c } and due to the maximum transmit power constraint, we have P d ≤ P u . Then, given that a user is operating in the D2D mode, the pdf of its transmit power is given by
The αth moment of P d is obtained as 
Then we combine (18) and (19) in a compact form to arrive at (6) . Note that P X c ≤ X d T d = P r c ≤ r d T d . The moments of P 4 are evaluated by P u 0 x α fP 4 (x)dx.
APPENDIX D PROOF OF THEOREM 1
The theorem is proved by obtaining the LTs of I dd and I cd and then substituting back in (10) . An approximate LT of the aggregate interference on a D2D receiver located at the origin from other D2D transmitters is obtained based on the assumption that the interfering D2D UEs constitute a PPP. The approximate LT is obtained as
whereΦ d is the PPP representing the locations of D2D transmitter, E x,y [.] denotes the expectation with respect to the random variables x and y, (ii) follows from the independence betweenΦ d , P d , and h, and (iii) is obtained by exploiting the moment generating functional of the PPP [20] and the fact that there in no interference protection around the D2D receivers.
For the interference at the test D2D receiver from cellular UEs, an approximate LT of the aggregate interference on a D2D receiver located at the origin from other D2D transmitters is obtained based on the assumption that the interfering cellular UEs constitute a PPP with intensity λ. The intensity λ is a consequence of scheduling only one user per BS to avoid intracell interference along with the assumed saturation condition. The approximate LT is obtained as
whereΦ c is the PPP representing the locations of the interfering UEs in the uplink. Note that we use η d as the path-loss exponent between any two UEs. It is worth mentioning that there is no loss in generality to obtain the LT of the aggregate interference at the origin as we assumed that both the interfering cellular UEs and D2D UEs constitute PPPs and the PPP is motion invariant.
APPENDIX E PROOF OF THEOREM 2
The theorem is proved by obtaining the LTs of I dc and I cc for a BS located at the origin. Similar to the D2D case, there is no loss in generality to obtain the LT of the aggregate interference due to the PPP approximation for interfering cellular UEs and D2D UEs. First, we derive an approximate LT of the interference from the cellular UEs. Note that orthogonal channel assignment per BS brings correlations among the locations of interfering UEs which highly complicate the analysis. Therefore, the derivation here is based on the following two facts and one key assumption.
Fact #1: The UEs associate to the nearest BSs and all UEs employ truncated channel inversion protocol. Therefore, the average interference received from any single interfering UE is strictly less than ρ o . Fact #2: Each BS assigns a unique channel to each UE, hence, the intensity of the interfering UEs is λ. In the following, we obtain an approximate LT of the aggregate interference on a BS located at the origin from other D2D transmitters. This is based on the assumption that the interfering D2D UEs constitute a PPP. Note that the interference protection imposed by the mode selection scheme is captured by insuring that the interference from any individual D2D UE is upper bounded by T d ρ o . The approximate LT is obtained as follows: 
